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Abstract
Di+erential equations of the form Lf=g, where L is a di+erential operator, are termed Resonant if g satis.es Lg=0. In
the case when L represents a linear harmonic oscillator, resonance occurs when the forcing term g has the same frequency
as that of the unperturbed system. Resonance is associated with a transition from boundedness to unboundedness of
the solution. We study the cases where L is the Legendre or Hermite operator. The .rst case arose in the context of
supersymmetric Casimir operators for the di-spin algebra, and has solutions expressible in terms of singular functions,
Legendre functions and polylogarithms. The non-singular polynomial parts of a certain class of solutions exhibit interesting
properties. The non-resonant Hermite equation supports the theory of the quantum mechanical harmonic oscillator. A
standard technique for its solution involves a Darboux=Infeld-Hull factorization of the Hamiltonian as a product of two
.rst-order linear operators. The algebra of these operators can also be used to study the solutions of the resonant Hermite
equation. A lowest order solution is found by elementary means, and then higher order solutions are generated by the
repeated application of a ladder operator. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
The following model example of Resonance is familiar from the theory of the classical harmonic
oscillator with forcing term
d2y
dt2
+ 2y = sin(t): (1)
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A particular solution is
y(t) =


1
2 − 2 sin(t) if  = ±;
− t
2
cos(t) if =±:
(2)
The second form is the solution of the resonant harmonic oscillator and is neither bounded nor
periodic, in contrast to the .rst form which is periodic of .nite amplitude. This simple example
illustrates a number of analytical and algebraic features of di+erential equations. First, note that the
displayed solution of the nonresonant equation depends continuously on  for  = . Manifestly,
this solution does not tend towards that of the resonant equation as  → . Although it is true, as
pointed out by Bessis [4], that the solution of the nonresonant equation can be modi.ed to give a
solution which tends pointwise to the resonant solution, the limit is not uniform. A more interesting
distinction between the solutions of the nonresonant and resonant equations concerns transformational
properties under their common symmetry group, the in.nite discrete translation group, Z . In our case,
resonance causes a one-dimensional representation of the translational symmetry group to become
in.nite-dimensional. In a sense the resonance is associated with a symmetry breaking of the solution.
The purpose of this paper is to examine two other examples of linear inhomogeneous equations
of the form Lf = g, where Lg = 0. We call such a system Resonant in analogy with the example
described above. We shall show, in the cases where the non-resonant equations are of Legendre or
Hermite type, that the resonant versions have very di+erent types of solutions. In particular, when
g is a Legendre polynomial, and therefore bounded on the domain [ − 1; 1], the corresponding f
has logarithmic singularities at the end-points. When g is a Hermite function of integral order of the
.rst kind, and therefore also bounded on the domain (−∞;∞), the corresponding f is unbounded.
Inhomogeneous equations have also been studied by Babister [1] and Miller [9]. These authors
did not consider equations of resonant type.
2. The resonant Legendre equation
The eigenvalues and eigenfunctions of the Casimir operator of the Di-Spin algebra, [2], devolve
on solutions of an equation of the form
L2f + BLf + Cf = 0; (3)
where B and C are constants, f is a function of the sphericalpolar coordinates ; , and L is the
di+erential operator
1
sin()
@
@
sin()
@
@
+
1
sin2()
@2
@2
: (4)
The polar angles have their usual domains: 06¡2; 066.
Eq. (3) can be factorized and then rewritten as a system
(L− 2)f = g; (5)
(L− 1)g= 0: (6)
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Separated solutions of (6) are
g= lm1 (cos())e
im; (7)
where m is integral and 1 = −1(1 + 1). De.ning also, 2 = −2(2 + 1), the inhomogeneous
Eq. (5) has corresponding solution
f =
lm1 (cos())e
im
(2 − 1) ; (8)
if 1 = 2. The more interesting case when 1 = 2 was .rst considered in [3]. We review some of
that analysis, and then report some further results.
Transforming to the usual Cartesian variable x = cos(), where −16x61, there are separated
solutions of the form
hm (x)e
im; (9)
where = 1 = 2, and hm satis.es
d
dx
(
(1− x2)dh
m

dx
)
+
(
(+ 1)− m
2
1− x2
)
hm = l
m
 : (10)
As in the homogeneous case, it can be shown that it suGces to solve the m= 0 equation
d
dx
(
(1− x2)dh
dx
)
+ (+ 1)h = l: (11)
We call (11) the Resonant Legendre Equation, writing it more compactly as
Dh = l; (12)
where D is the implied di+erential operator. By standard methods, we are led to solutions of the
form
h =− l2(2+ 1)ln(|1− x
2|) + k; (13)
for  = − 12 , where
Dk =− 22+ 1
dl−1
dx
: (14)
We note the logarithmic singularities at the end-points of the domain.
In the case that  is an integer n, and the Legendre functions are of the .rst kind (i.e. polynomials),
the right-hand side of the inhomogeneous equation (14) can be written explicitly as a positive linear
combination of Legendre polynomials Pi of order i6n − 2 and parity (−1)n. In particular, (14) is
non-resonant, and has particular solutions given by k0(x) = k1(x) = 0, and kn+2(x) is proportional to
Fn(x), where
Fn = 2
′∑
i
(2i + 1)
(n+ 2)(n+ 3)− i(i + 1) Pi; (15)
where the prime indicates that sum is from 0 to n in steps of 2, if n is even, or from 1 to n in
steps of 2, if n is odd. This is reminiscent of the formula relating Legendre functions of the .rst
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and second kinds, involving so-called Christo+el functions – (see [6]). The polynomials Fn were
reported in [3] but not investigated. Subsequent numerical and computer algebraic calculations show
that they share many properties with the Legendre polynomials. Here are the lowest order examples:
F0 =
1
3
; F1 =
3
5
x; F2 =
15
14
x2 − 9
35
; F3 =
35
18
x3 − 20
21
x;
F4 =
315
88
x4 − 175
66
x2 +
1195
5544
; F5 =
693
104
x5 − 945
143
x3 +
12565
10296
x;
F6 =
1002
80
x6 − 1617
104
x4 +
10563
2288
x2 − 973
5148
;
F7 =
6435
272
x7 − 3003
85
x5 +
51667
3536
x3 − 28077
19448
x;
F8 =
109395
2432
x8 − 405405
5168
x6 +
863863
20672
x4 − 57981
8398
x2 +
5033469
29560960
;
F9 =
230945
2688
x9 − 182325
1064
x7 +
2314455
20672
x5 − 136851
5168
x3 − 4403619
2687360
x:
By construction, F2n(x) and F2n+1(x)=x are polynomials in x2. In the examples given above, the
coeGcients of the powers of x2 alternate in sign. In fact, this is true for all Fn. This can be seen
by noting that the same is true for the sum of each consecutive pair of summands of (15), starting
from the highest order – use explicit expressions for the coeGcients of Legendre polynomials. An
immediate consequence is that Fn(x) has no purely imaginary roots. It is also the case that all real
roots of Fn are contained in the interval [−1; 1]. This follows from the observation that, as a positive
linear combination of Legendre polynomials of the same parity, Fn has constant sign on (−∞;−1]
and on [1;∞). Numerical computations, using Maple V release 5.1, show that Fn has no complex
roots, for n630. Indeed, it is clear graphically and numerically that the roots of Fn are placed to the
right of corresponding roots of Pn(x). For example, here is a list of approximations to the largest
roots of the pair (Fn; Pn) for n= 2; 3; : : : ; 11:
(0:49; 0:58); (0:70; 0:77); (0:80; 0:86); (0:86; 0:91); (0:90; 0; 93);
(0:92; 0:95); (0:94; 0:96); (0:95; 0:968); (0:96; 0:974); (0:97; 0:98):
Finally, the rightward shift preserves the intertwining property of roots of consecutive Legendre
polynomials. Evidently, the resonant Legendre share many of the characteristic properties of systems
of orthogonal polynomials. Of course, as positive linear combinations of Legendre polynomials, the
set cannot itself form an orthogonal system.
Resonant Legendre functions of the second kind were also considered in [3]. Explicit results were
reported in terms of in principle integrations and polylogarithms – (see also [8]).
3. The resonant Hermite equation
We began this article with some comments on the Classical Harmonic Oscillator; we shall con-
clude with a partial analysis of an equation derived from the Quantum Harmonic Oscillator. The
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eigenfunctions=eigenvalues of the latter are the bound states of the Hermite operator
H =− d
2
dx2
+ (x2 − 1)1; (16)
acting on the Hilbert space of square-integrable functions on the real line. This operator has discrete
spectrum {2n: n ∈ Z}, and corresponding eigenfunctions
fn(x) = e−x
2=2Hn(x); (17)
where Hn(x) is a Hermite polynomial. Such solutions are bounded on their domain, and tend to zero
at ±∞.
The resonant Hermite equation considered here is
Hrn − 2nrn = fn(x); (18)
being an inhomogeneous version of
Hfn = 2nfn: (19)
The modern analysis of (19) originated in the work of Darboux [5], but now commonly regarded as
a special case of the Infeld-Hull method [7], is based on a factorization of H by .rst-order operators:
H = A+A−; (20)
where
A± =∓ ddx + x1: (21)
The operators so-de.ned satisfy the commutation relations
[A−; A+] = 21; (22)
[H; A±] =±2A±: (23)
As a consequence, if f is an eigenfunction of H with eigenvalue  , then A± is an eigenfunction with
eigenvalue  ± 2. Zero being the lowest allowed value of  , and the corresponding eigenfunction
being
f0(x) = e−x
2=2; (24)
the full set of eigenfunctions can be generated by the repeated application of A+:
f1 = A+f0; f2 = A+f1; : : : (25)
and then remarkably
A−fn = 2nfn−1: (26)
A± are often called Ladder Operators.
It also turns out that the same algebra allows us to generate solutions of the resonant Hermite
equation. In fact, let rn satisfy equation (18), and consider the action of H on A+rn:
HA+rn = ([H; A+] + A+H)rn
= (2A+ + A+H)rn
=2A+rn + A+(2nrn + fn)
= (2n+ 2)A+rn + fn+1: (27)
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Thus, A+rn satis.es (18) with n replaced by n+ 1. In particular, we can generate solutions of (18)
from any solution r0 of
Hr0 = f0 = e−x
2=2: (28)
By the application of A+. To .nd a particular solution for r0 we can appeal to the factorization of
H . Thus, r0 is a solution of the .rst-order equation
A−r0 = p0; (29)
where
A+p0 = e−x
2=2: (30)
An explicit solution is
r0(x) = ge−x
2=2
∫ x
0
et
2
erf (t) dt; (31)
where g=
√
=2 is a normalisation constant associated with the error function. This solution is more
conveniently written in the form
r0(x) = f0(x)E(x); (32)
where
E(x) = g
∫ x
0
et
2
erf (t) dt: (33)
In contrast to the bounded function f0, the resonant function r0 has very fast growth. Noting that,
for di+erentiable functions P(x) and Q(x),
A+PQ = (A+P)− PdQdx ; (34)
we have a candidate for a solution of (18) for n= 1
r1 =A+r0
= (A+f0)E(x)− f0 dEdx
=f1E(x)− f0 dEdx
=H1r0 − f0 dEdx : (35)
Similarly, we have particular solution of (18) for n= 2
r2 =A+r1
= (A+f1)E(x)− f1 dEdx − (A+f0)
dE
dx
+ f0
d2E
dx2
=f2E(x)− 2f1 dEdx + f0
d2E
dx2
=H2r0 − 2f1 dEdx + f0
d2E
dx2
: (36)
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Evidently, we can .nd a solution of (18), for any n, by the repeated application of A+. The function
rn has a Leibnitz binomial type expansion with leading term Hnr0. The growth of this term dominates
that of the subsequent ones. The form of the solution is analogous to the solution to the resonant
Legendre equation given in Eq. (13). Finally, as a consequence of the commutation relations for
A±, it is also true that
A−rn = 2nrn−1 (37)
as is the case for the nonresonant solutions obtained by the method of ladder operators.
Finally, we would emphasise that the functions rn, although non-singular at .nite points, are
unbounded on their domain, namely the real line.
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